We use geometric scaling invariant quantities to measure the approach, or not, of the imaginary and real parts of the elastic scattering amplitude, to the black disk limit, in pp collisions at very high energy.
In [9] we have argued that the evolution with the energy, √ s, of ImG(s, b 2 ) -or of the Fourier-Bessel transform, ImF (s, t) -qualitatively describe the evolution of the differential elastic cross-section, dσ/dt, in particular in the small |t| region. Here we present quantitative tests for the approach of ImF (s, t) to the black disk in the region |t| |t 0 |, t 0 being the position of the first diffractive zero. As most of the cross-sections are concentrated in the small |t| region, any test for the approach to the black disk has, at least, to work at small |t|.
We study next the evolution of the profile function Γ(s, b 2 ), or the imaginary part of the impact parameter elastic amplitude,
and we consider the logistic equation
where γ > 0 is a positive constant, and b ≃ 2 √ s ℓ, ℓ being the angular momentum and √ s the center of mass energy. As, from unitarity,
∂Γ/∂b ≤ 0, which means that Γ is a decreasing function of b, becoming eventually constant at small b. This means that saturation occurs first at small b. At large b, Γ decreases exponentially (Γ ∼ exp(−b/γ)). The parameter γ, which we take as a constant, controls the long range behaviour of the strong forces and can be associated to the two pion exchange diagram. A solution of (2) -not the most general one -is
R being a positive quantity, R > 0. In comparisons with data, for √ s 50 GeV, we shall fix γ, γ = 1.1 mb 1/2 , which means that the dependence of Γ on √ s is exclusively contained in R → R(s). One sees that R is a radial scale parameter, in fact the only relevant parameter in the black disk limit. It is then clear, from (4) , that there is also an evolution equation in R, or in the energy,
One further sees that ∂Γ/∂R ≥ 0. As σ tot. (s), defined as
experimentally increases with √ s, for √ s 20 GeV, and Γ, at least for some values of b, increases with R, it is clear that R(s) increases with energy. In the R(s) → ∞ limit we obtain the black disk. Regarding the elastic cross-section,
and neglecting the ReF (s, t) contribution, one sees that, necessarily, because of (3), in the evolution to a black disk, the ratio σ el. /σ tot. has to increase, eventually reaching the value 1/2. In fact the observed increase of the ratio σ el. /σ tot. at the CERN/SPS [10] was the first clear indication of the possibility for the evolution towards a black disk to occur. In general, in the calculation of dσ/dt,
where
one needs to know the real part of the amplitude. As we consider energies above 50 GeV we shall assume that σ tot pp ≃ σ tot.
pp and write a derivative dispersion relation [11] in the form
to estimate ρ(t, s), [9] . The black disk regime is obtained from (4) by taking the limit
or, as γ is constant,
In the limits (12) or (13)Γ(b 2 , s) satisfies geometric scaling [12] ,
Working in the (t, s) plane, defining the scaling variable
one obtains for the imaginary and for the real part [9] of F (s, t):
In the particular case of the black disk, with interest for us here, using the variable
we obtain for the imaginary part,
and, for the real part,
It should be noticed that as ρ(s, 0) asymptotically tends to zero in the scaling limit only the imaginary part matters. Our strategy in testing the possible approach to the black disk, as √ s increases, is to find quantities that are geometric scaling invariants, as functions of the scaling variable τ = −tσ tot. , and ask the questions: are these quantities approaching scaling values as the energy and σ tot. increase? In Figs. 1.a) , b) and c) we present the comparisons of our model, (4) and (10) , for dσ/dt with low |t| precision data at ISR, 62.5 GeV, [12] , SPPS, 540 GeV, [13] and Tevatron, 1.8 TeV, [14] . The parameter γ was fixed, the only parameter left being R 2 (s). In the three cases the values found for σ tot. (s) agree with experiment [15] .
We shall next construct the quantity
where B(t, s) is the local slope parameter. In the asymptotic black disk limit (21) is a function of the scaling variable τ , see Fig. 2 . We further have:
= 0.102 GeV
the position of the first zero of J 1 (x) : x = 3.8317;
iii) The ReF (s, t) contribution to B(t, s)/σ tot. (s) (not shown in figure 2 ) approaches zero at the zero of J 1 (x): at the zero of J 1 (x), J 0 (x) is a maximum or a minimum.
In Fig. 3 a) , b) and c) we show the quantity (21) in the cases of previously studied situations, Fig. 1 . We note that at ISR, √ s = 62.5 GeV, there is not yet evidence for the first zero of ImF (s, t), and B/σ tot. , at small |t|, decreases as |t| increases. At √ s = 540 GeV and 1.8 TeV the zero is there and B/σ tot.
becomes flatter at small |t| (exponential in |t| behaviour) increasing at large |t| (see Fig. 2 ). In order to describe the approach to the black disk in our model, let us introduce, in connection with remarks i),ii) and iii) above, quantities measuring the approach to the black disk (BD) as function of σ (or energy):
Real+Im.
Im.
at the zero of ImF (s, t),
In Fig. 4 i) , ii) and iii) we show ∆ i) , ∆ ii) and ∆ iii) as function of σ tot , respectively, including our expectation for LHC, 14 TeV, (σ tot ≃ 110 mb).
It should be pointed out that the points in Fig. 4 , except the LHC point, come from experiment, but were obtained with a model satisfying asymptotic black disk behavior. More independent analysis should be attempted. Tests of the approach to the black disk limit, in particular ∆ i) , (24), have been previously discussed (see, for instance, [5] and [17] ). 
